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Abstract
Let X be a geometrically irreducible smooth projective curve defined over the real numbers. Let nX be
the number of connected components of the locus of real points of X. Let x1, . . . , x be real points from 
distinct components, with  < nX . We prove that the divisor x1 + · · · + x is rigid. We also give a very
simple proof of the Harnack’s inequality.
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1. Introduction
We consider line bundles over a geometrically irreducible smooth projective curve X defined
over R; see also [2,1]. We assume that X has real points; let nX be the number of connected
components of the locus of real points.
Choose  of the nX components, where  < nX , and choose a real point of X from each
of these  components. Let x1, . . . , x be the chosen points. We prove that the effective divisor
x1 + · · · + x is rigid, equivalently,
H 0
(
X,OX(x1 + · · · + x)
)= R
(Theorem 2.1).
The method of proof also yields a proof of the Harnack’s inequality.
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Let X be a geometrically irreducible smooth projective curve defined over R. Let XC :=
X×RC be the complex curve obtained by changing the base field. The Galois group Gal(C/R) =
Z/2Z acts on XC as an antiholomorphic involution
τ : XC −→ XC (1)
of the Riemann surface XC. The real points of X are the points of XC fixed by τ . Each connected
component of the locus of real points is diffeomorphic to the circle S1.
The involution τ of XC define an involution τ˜ of the divisors on XC by sending any divisor∑n
i=1 mixi to
∑n
i=1 miτ(xi). The divisors on X are identified with the divisors on XC fixed by τ˜ .
Let nX denote the number of connected components of the locus of real points of X; let
C1, . . . ,CnX be the connected components. So {Ci}nXi=1 are also the connected components
of (XC)τ .
For any divisor D =∑ni=1 mixi on X, and for any connected component C of (XC)τ , define
NC(D) :=
∑
xi∈C
mi. (2)
Theorem 2.1. Take any integer 0  < nX . Then
H 0
(
X,OX(x1 + · · · + x)
)= R,
where xi ∈ Ci .
Proof. Let D =∑ni=1 miyi be a divisor on X. Define
B(D) := {i ∈ [1, nX] ∣∣NCi (D) ≡ 1 mod 2
}
, (3)
where NCi (D) is defined in (2). Assume that
degree(D) < #B(D). (4)
We will show that
H 0
(
X,OX(D)
)= 0. (5)
To prove this by contradiction, let σ be a nonzero section of OX(D). Let
D′ := divisor(σ ) =
a∑
j=1
njzj (6)
be the divisor on X associated to the section σ . So, we have ni > 0. Also,
degree
(
D′
)=
a∑
j=1
nj = degree(D) =
n∑
i=1
mi. (7)
It can be proved that for any i ∈ [1, nX],
NCi (D) ≡ NCi
(
D′
)
mod 2. (8)
Indeed, D and D′ differ by the divisor of a rational function ϕ on the real curve X. The function ϕ
takes Ci to the real points of P1 . Both Ci and the locus of real points of P1 are diffeomorphic toR R
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s1 and s2 of S1, the number of pre-images of s1 (with multiplicity) differ by an even integer from
the number of pre-images of s2. Hence (8) holds.
Since (8) holds, for all i ∈ B(D), where B(D) is defined in (3), we have NCi (D′) = 0. As all
nj in (6) are positive, this implies that
a∑
j=1
nj  #B(D).
In view of (7), this contradicts the given condition in (4).
Therefore, we conclude that (5) holds.
Consider the divisor x1 + · · · + x in the statement of the theorem; it being effective, we have
R ⊂ H 0(X,OX(x1 + · · · + x)). The proof will be completed by showing that
dimH 0
(
X,OX(x1 + · · · + x)
)
 1.
Recall that  < nX . Fix a real point y ∈ C+1. Set
D := x1 + · · · + x − y.
Therefore, B(D) = {1, . . . , ,  + 1}. So #B(D) > degree(D) =  − 1. Hence we have
H 0
(
X,OX(D)
)= 0
(see (5)). This implies that the evaluation map
H 0
(
X,OX(x1 + · · · + x)
)−→OX(x1 + · · · + x)y
that sends any η to η(y) is injective. Therefore,
dimH 0
(
X,OX(x1 + · · · + x)
)
 1.
This completes the proof of the theorem. 
Let g be the genus of X. The Harnack’s inequality says that nX  g + 1. We will give a very
simple proof of this inequality.
Assume that nX  g + 2. Fix points xi ∈ Ci , where 1 i  g + 2. Consider the divisor
D = −x1 +
g+2∑
i=2
xi
on X. Since degree(D) = g, from the Riemann–Roch theorem we know that
H 0
(
X,OX(D)
) = 0.
But this contradicts (5). Hence we conclude that nX  g + 1.
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